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Searching a Sorted Sequence

Problem
Let X1, Xo, ..., Xn D€ a sequence of real numbers such that

X1 < X2 < -+ < Xn. Give a real number z, we want to find
whether z appears in the sequence, and, if it does, to find
an index | such that x; = z.

|dea: cut the search space in half by asking only one
guestion

{ (1) = 0O(1)
(n)=T(N/2)+ O(1),n=2

Time complexity: O(log n)




Sinary Search

Algorithm Binary_Search (X, n, z);
begin

Position := Find(z, 1, n);
end

function Find (z, Left, Right) : integer;
begin
if Left = Right then
if X[Left] = z then Find := Left
else Find :=0
else
Middle := | (Left + Right) /2 | ;

if z < X[Middle] then Find := Find(z, Left, Middle - 1)
else Find := Find(z, Middle, Right)

end




Searching a Cyclically Sorted Sequence

Problem
Given a cyclically sorted list, find the position of the
minimal element in the list (we assume, for simplicity, that

this position is unique)

Positon: 1 2 3 4 5 6 7 8
List: [ 5 6 7 O 1 2 3 4]

Positon:. 1 2 3 4 5 6 7 8
List: [O 1 2 3 4 5 6 7 |
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Searching a Cyclically Sorted Sequence

Problem
Given a cyclically sorted list, find the position of the
minimal element in the list (we assume, for simplicity, that

this position is unique)

Position: 1 2 34|15 6 7 8
List: [ 5 6 7101 2 3 4]

Position: |12 3 4 5 6 7 8
List: [O|11 2 3 4 5 6 7 |

To cut the search space In half, what question should we ask? ,



Searching a Cyclically Sorted Sequence (cont’d)

Assume X; Is the minimal element in the sequence.
Take two numbers xk and xm, such that k < m.

Case 1: Xk < Xm, I cannot be inthe range k <i<m

Positon;: 1 2 3 4 5 6 7 8
List: | 5 6 7 0 1 2 3 4]



Searching a Cyclically Sorted Sequence (cont’d)

Assume X; Is the minimal element in the sequence.
Take two numbers xk and xm, such that k < m.

Case 2: Xk = Xm, Imust be intherange k <i<m

Positon;: 1 2 3 4 5 6 7 8
List: | 5 6 7 0 1 2 3 4]



Searching a Cyclically Sorted Sequence (cont’d)

Assume X; Is the minimal element in the sequence.
Take two numbers xk and xm, such that k < m.

Case 2: Xk = Xm, Imust be intherange k <i<m

Positon;: 1 2 3 4 5 6 7 8
List: | 5 6 7 0 1 2 3 4]

K m
How to choose xk and xXm?



Cyclic Binary Search

Algorithm Cyclic_Binary_Search (X, n);
begin

Position := Cyclic_Find(1, n);
end

function Cyclic_Find (Left, Right) : integer;
begin
if Left = Right then Cyclic_Find := Left
else
Middle := L (Left + Right) /2] ;

if X[IMiddle] < X[Right] then Cyclic_Find := Cyclic_Find(Left, Middle)
else Cyclic_Find := Cyclic_Find(Middle + 1, Right)
end




Searching for a Special Index

Problem
Give a sorted sequence of distinct integers a1, az, ..., an,
determine whether there exists an index | such that ai = |

Positon: 1 2 3 4 5 6 7 8
List: [-1 1 2 4 5 6 8 9]
Positon: 1 2 3 4 5 6 7 8

list: [-1 1 2 5 6 9 9 10 ]



Searching for a Special Index

Problem

Give a sorted sequence of distinct integers a1, az, ..
determine whether there exists an index | such that ai = |

"y an,

Position:

List: [--

Position:

List: |-~

2
;

2
1

3|45 6 7 8
21415 6 8 9 |

3456 7 8
2 56 9 9 10 ]




Searching for a Special Index

Problem
Give a sorted sequence of distinct integers a1, az, ..., an,
determine whether there exists an index | such that ai = |

Position: 1 2 3|4 |5 6 7 8
List: [-1 1 214 |5 6 8 9 |

Positon: 1 2 3 4 5 6 7 8
List: [-1 1 2 5 6 9 9 10 |

Can we cut the search space in half by asking only one question?



Searching for a Special Index (cont’d)

Position: 1 21314 5 6 7 8
List: [ O 1124 6 7 8 9]

az3=2<3

Positon;: 1 2 3 45|16 7 8
List: [ O 1 2 467 8 9]

as=0>b5



Special Binary Search

Algorithm Cyclic_Binary_Search (A, n);
begin

Position := Special_Find(1, n);
end

function Special_Find (Left, Right) : integer;
begin
if Left = Right then
if AlLeft] = Left then Special_Find := Left
else Special_Find :=0
else
Middle := | (Left + Right) /2] ;

if AIMiddle] < Middle then Special_Find := Special_Find(Middle + 1, Right)
else Special_Find := Special_Find(Left, Middle)

end

10




Searching Sequences of Unknown Size

Problem
Let X1, Xo, ... be a sequence of real numbers such that x; <

Xi+1 for all i = 1. Give a real number z, we want to find
whether z appears in the sequence, and, if it does, to find

an iIndex | such that x; = z.

11
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Searching Sequences of Unknown Size

Problem
Let X1, Xo, ... be a sequence of real numbers such that x; <

Xi+1 for all i = 1. Give a real number z, we want to find
whether z appears in the sequence, and, if it does, to find

an iIndex | such that x; = z.
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Searching Sequences of Unknown Size

Problem
Let X1, Xo, ... be a sequence of real numbers such that x; <

Xi+1 for all i = 1. Give a real number z, we want to find
whether z appears in the sequence, and, if it does, to find

an iIndex | such that x; = z.

What subsequence should we search in”?
Between some X and x; where X < Z < X;

How do we choose xi and X7
X1 X2 Xo2 X233 Xo4
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Searching Sequences of Unknown Size

Problem
Let X1, Xo, ... be a sequence of real numbers such that x; <

Xi+1 for all i = 1. Give a real number z, we want to find
whether z appears in the sequence, and, if it does, to find

an iIndex | such that x; = z.

What subsequence should we search in”?
Between some X and x; where X < Z < X;

How do we choose xi and X7
X1 X2 Xo2 X3 Xo4 ... Xoa Xoatf

11



Stuttering Subsequence

Problem
Given two sequences A = aiaz---an and B = b1b2-+-bm, find
the maximal value of | such that B! is a subsequence of A

If B = xyzzX, then B2 = xxyyzzzzxx, B3 = XXXyyyzzzzzzxxx

B Is a subsequence of A if we can embed B inside A In
the same order but with possible holes

For example, B2 = xxyyzzzzxx is a subsequence of
XXZZYYYXXZZZZZXXX

12



Stuttering Subsequence (cont’d)

Problem
Given two sequences A = aiaz---an and B = b1b2-+-bm, find
the maximal value of | such that B! is a subsequence of A

f Bl Is a subsequence of A, then B! is a subsequence of A,
for1<i<]

13



Stuttering Subsequence (cont’d)

Problem
Given two sequences A = aiaz---an and B = b1b2-+-bm, find
the maximal value of | such that B! is a subsequence of A

f Bl Is a subsequence of A, then B! is a subsequence of A,
for1<i<]

Does the value of i have a boundary”?
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Stuttering Subsequence (cont’d)

Problem
Given two sequences A = aiaz---an and B = b1b2-+-bm, find
the maximal value of | such that B! is a subsequence of A

f Bl Is a subsequence of A, then B! is a subsequence of A,
for1<i<]

Does the value of i have a boundary”?

The maximum value of i cannot exceed |n/mJ] (or B

would be longer than A)

13



Stuttering Subsequence (cont’d)

- Iwo ways to find the maximum i:
- Sequential search (try 1, 2, 3, etc. sequentially)

- Time complexity: O(n)) where | is the maximum value
Of |

. Binary search (between 1 and Ln/m])

- Time complexity: O(n log(n / m))

14



Stuttering Subsequence (cont’d)

- A general technigue to find a maximum | that satisfies
SOMe property

- Find an algorithm that determines whether a given |
satisfies that property

- Use binary search it we have an upper bound for |

- Otherwise, use the doubling scheme

15



Interpolation Search

In binary search, the search space Is always cut In half

- When we find that z should be In between x; and x; where

Xi IS very close to z, shall we still cut the search space Iin
half?

16



Interpolation Search

In binary search, the search space Is always cut In half

- When we find that z should be In between x; and x; where

Xi IS very close to z, shall we still cut the search space Iin
half?

pages from 1 to 800

16



Interpolation Search

In binary search, the search space Is always cut In half

- When we find that z should be In between x; and x; where

Xi IS very close to z, shall we still cut the search space Iin
half?

pages from 1 to 800

We can use interpolation to cut the search space by an
amount that seems the most likely to succeed

16



Interpolation Search (cont’d)

XIR]
X A
': B [ X|i]
| |
| ? (L+R)/2 R |
- P - -
AL 2L, @XR-
X[R] - X[L 7 - XIU] XIR] - X[L

17



Interpolation Search (cont’d)

Algorithm Interpolation_Search (X, n, z);
begin
if z < X[1] or z > X[n] then Position := 0
else Position := Int_Find(z, 1, n);
end

function Int_Find (z, Left, Right) : integer;
begin
if X[Left] = z then Int_Find := Left
else if Left = Right or X[Left] = X[Right] then Int_Find := 0
else
Next_Guess := | Left + (z - X[Left])(Right - Left) / (X[Right] - X[Left]) | :

If z < X[Next_Guess| then Int_Find := Int_Find(z, Left, Next_Guess - 1)
else Int_Find := Int_Find(z, Next_Guess, Right)

end

18




Interpolation Search (cont’d)

Interpolation search is efficient for inputs consisting of
relatively uniformly distributed elements

- The average number of comparisons performed by
interpolation search is O(log log n)

But interpolation search is not much better than binary
search in practice

Unless n is very large, the value of log n is small enough

Interpolation search requires more elaborate arithmetic

19



Sorting

Problem

Given n numbers X1, Xo, ..., Xn, arrange them in increasing
order. In other words, find a sequence of distinct indices 1
<, l2, ..., In< N, suchthat xj <X, < - <X,

A sorting algorithm is called in-place if no additional work
space Is used besides the initial array that holds the
elements

20



Using Binary Search Trees

- Binary search trees, such as AVL trees, may be used for
sorting

1. Create an empty tree
2. Insert the numbers one by one to the tree
3. [raverse the tree and output the numbers

- \What is the time complexity? Suppose we use an AVL
tree

21



Sucket Sort

- Inputs: nintegers xi1, X2, ..., XaWhere 1 <xismfor1<i<n
- Bucket sort:
- Allocate m buckets
-+ For each I, put xi In the bucket corresponding to its value
+ Scan the buckets in order and collect all the integers

- Complexity: O(m + n)

X

X-2 X-1 X X+1 X+2

22



Sucket Sort

- Inputs: nintegers xi1, X2, ..., XaWhere 1 <xismfor1<i<n
- Bucket sort:
- Allocate m buckets
-+ For each I, put xi In the bucket corresponding to its value
+ Scan the buckets in order and collect all the integers

- Complexity: O(m + n)

L L O )

X-2 X-1 X X+1 X+2

22



Radix Sort

- Observe how letters are delivered

23
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Radix Sort

- Observe how letters are delivered

all letters

29NN

Taipei City New Taipei City
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Radix Sort

- Observe how letters are delivered

all letters
/ | \
Taipei City New Ta||oe| City

/N

Bangiao Dist.  Yonghe Dist.  Zhonghe Dist.
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Radix Sort

- Observe how letters are delivered

all letters
/ | \
Taipei City New Ta||oe| City

/N

Bangiao Dist.  Yonghe Dist.  Zhonghe Dist.

Can we sort numbers in a similar way"?

23



Radix Sort (cont’d)

- First Idea

- Sort digit-by-digit from MSD

24
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Radix Sort (cont’d)

- First Idea

- Sort digit-by-digit from MSD
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34
33 56
3 5
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Radix Sort (cont’d)

- First Idea

- Sort digit-by-digit from MSD

19
14

o 1

34
33 56
3 5

/0
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Radix Sort (cont’d)

- First iIdea

- Sort digit-by-digit from MSD

19 34
114 38 56 76




Radix Sort (cont’d)

- First iIdea

- Sort digit-by-digit from MSD

19 34

e e e e e e e e e —
-




Radix Sort (cont’d)

- First iIdea

- Sort digit-by-digit from MSD

34
S O £ O 7 O O AL I O I
0" 1 2°8-4..5 6 7 8 O

24



Radix Sort (cont’d)

- In-place binary MSD radix sort

- Divide Into 0Os bucket and 1s bucket

111 110 010 001

101

100
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Radix Sort (cont’d)
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Radix Sort (cont’d)

- In-place binary MSD radix sort

- Divide Into 0Os bucket and 1s bucket
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Radix Sort (cont’d)

- In-place binary MSD radix sort

- Divide Into 0Os bucket and 1s bucket

001 010 110 111 101 100

A A

R L

Recursively sort the Os bucket and the 1s bucket based on the
second bit and so on

25



Radix Sort (cont’d)

- Second idea

- Sort digit-by-digit from LSD

14 38 70

56

34

19

26



Radix Sort (cont’d)

- Second idea

- Sort digit-by-digit from LSD

19

38 76 56 34
14
0 1 2 3 4 5 6

26



Radix Sort (cont’d)

- Second idea

- Sort digit-by-digit from LSD

33

76 56 34 19
14
0 1 2 3 4 5 6

26



Radix Sort (cont’d)

- Second idea

- Sort digit-by-digit from LSD

33

56 34 19
/0
O 6

26



Radix Sort (cont’d)

- Second idea

- Sort digit-by-digit from LSD

34

56
/0

19

33

26



Radix Sort (cont’d)

- Second idea

- Sort digit-by-digit from LSD
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Radix Sort (cont’d)

- Second idea

- Sort digit-by-digit from LSD
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Radix Sort (cont’d)

- Second idea

- Sort digit-by-digit from LSD
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Radix Sort (cont’d)
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Radix Sort (cont’d)

- Second idea
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Radix Sort (cont’d)

- Second idea

- Sort digit-by-digit from LSD
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33
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Radix Sort (cont’d)

- Second idea

- Sort digit-by-digit from LSD

14 19 34 38 56 76

O 1 2 3 4 oS 6 7 8 9

This algorithm is also called straight-radix sort

26



Radix Sort (cont’d)

- Why the LSD radix sort works?

Induction hypothesis: we know how to sort elements
with < n digits

aXi oX; CXk
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Radix Sort (cont’d)

- Why the LSD radix sort works?
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with < n digits
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Radix Sort (cont’d)

- Why the LSD radix sort works?

Induction hypothesis: we know how to sort elements
with < n digits

ICXk
OX; axXi

Xi< Xj< Xk

Final result: bx; cxk ax;



Radix Sort

Algorithm Straight_Radix (X, n, k);
begin
put all elements of X in a queue GQ;
fori:=1toddo
initialize queue Q[i] to be empty
fori .= kdownto 1 do
while GQ is not empty do
pop x from GQ;
di := the I-th digit of x;
insert x into Q[di];
fort:=1toddo
insert Q[t] into GQ;

fori=1tond
°rp 'Op " ‘f’rg‘m ‘(’3 . { d is the number of possible digits }

end Time complexity: O(nk)

|28




Insertion Sort

- Sort n-1 numbers

- FInd the correct place of the n-th number

14 38 76 56 34

19
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Insertion Sort

- Sort n-1 numbers

- FInd the correct place of the n-th number

14 19 34 38 56

/0

29



Selection Sort

- Put the maximum number at the end

- Sort n-1 numbers

14 38 76 56 34

19
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Selection Sort

- Put the maximum number at the end

- Sort n-1 numbers

14 19 34 38 006

76

30



Merge Sort

- Split into two arrays

1(2n) = 2T On), T(2) = 1
-+ Sort the two arrays ( ") (n)+. . 1@
ime complexity: O(n log n)

- Merge the two sorted arrays

14 38 76 o6 34 19 27 42

31
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Merge Sort

- Split into two arrays

1(2n) = 2T On), T(2) = 1
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Merge Sort

- Split into two arrays

1(2n) = 2T On), T(2) = 1
-+ Sort the two arrays ( ") (n)+. . 1@
ime complexity: O(n log n)

- Merge the two sorted arrays

14 19 27 34 38 42 56 76
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Merge Sort (cont’d)

Algorithm Mergesort (X, n);
begin

M_Sort(1, n)
end

procedure M_Sort (Left, Right);
begin
If Right - Left = 1 then
if X[Left] > X[Right] then swap(X|[Left], X[Right])
else if Left # Right then
Middle := | %2 (Left + Right) | ;

M_Sort(Left, Middle - 1);
M_Sort(Middle, Right);

end
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Merge Sort (cont’d)

procedure M_Sort (Left, Right);
begin

| ;= Left; j := Middle; k := 0O;
while (i < Middle - 1) and (j < Right) do
K=K+ 1
if X[i] < X[j] then TEMP[K] :=X[i]; i ;=1 + 1
else TEMPIK] :=X[]];j =] + 1;
If | > Right then
fort:=0to Middle-1-ido
X[Right - t] := X[Middle - 1 - {]
fort:=0tok-1do
X[Left + t] := TEMP[t + 1]

end
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Merge Sort (cont’d)

6 |28 [s|w]|o|n[1]is|2]3[n]a|n]ie]i
QDl@| 8 |s w921 |1s]|7[3[13]34 (01 | 16 | 14
2 {6 |(5) 0|9 |12 1|15 7|3 |13]4]|nn/|i16]14
DIG|@|@ w0 |9 |1 |57 |3 [13]4 no| e | 14
2 (s (e |8 ||| 12| 1 |15 7|3 ]|13]4|1n]|16]14
2 (s |e |8 |9 |w|(@[is|7]3|13 4 |n|16]14
2|s|s|e (DO @|1s| 7|3 |13]a|1r|ie]ra
OGO I®[@[@[@) s |73 [n]|a 0|64
1| 2| s |6 |89 |10]12 @@ 3|13 4 |1 |16] 14
v 2|56 |8 |9ofw|fr|7]|15[@0D| 4 |n|16]4
v|l2]|s|e|8|9o]w|2|®@|W|0)] 4 |1n]|16]|14
v 2 s |e|s8]ofw]|r|3|7||is|@|W)] 1614
vl 2| s|e 8|9 |w]|r|3 |7 [1[i1s5|a4]n
v f2]s]e|[s8]|ow|nz|3]|7|[]15|@[Q (i)
1|2]|s|ef[s8|o]|w|n2|®@|O|W|0® ®,
OB 6®

Figure 6.8 An example of mergesort. The first row is in the initial order. Each row il-
lustrates either an exchange operation or a merge. The numbers that are involved in the
current operation are circled.

Source: [Manber 1989]



Quick Sort

- The problem with merge sort was the need for extra storage, since the

merge Is arbitrary and we cannot predict where each element will end up
in the order

+ Suppose we know a number x (called pivot) such that
- one-half of the elements > x

- one-half of the elements < x

- We can partition the numbers into two parts and then sort the two parts
separately

- The combine step is trivial since the two parts already occupy the correct
positions
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Quick Sort (cont’d)

Partition

38 42 27 o6 34 19 70

_: FInd the next number > pivot
R: FInd the next number < pivot

14
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Quick Sort (cont’d)

Partition

Pivot: 38

38 42 27/ b6 34 19 70

_: FInd the next number > pivot
R: FInd the next number < pivot

14
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Quick Sort (cont’d)

Partition

Pivot: 38

38 42 27/ b6 34 19 70

_: FInd the next number > pivot
R: FInd the next number < pivot

14

36



Quick Sort (cont’d)

Partition

Pivot: 38

38 14 27 b6 34 19 76

_: FInd the next number > pivot
R: FInd the next number < pivot

42
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Quick Sort (cont’d)

Partition

Pivot: 38

38 14 27 b6 34 19 76

_: FInd the next number > pivot
R: FInd the next number < pivot

42
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Quick Sort (cont’d)

Partition

Pivot: 38

38 14 27 19 34 56 76

_: FInd the next number > pivot
R: FInd the next number < pivot

42

36



Quick Sort (cont’d)

Partition

Pivot: 38

38 14 27 19 34 56 76

_: FInd the next number > pivot
R: FInd the next number < pivot

42

36



Quick Sort (cont’d)

Partition

Pivot: 38

34 14 27 19 38 b6 706

_: FInd the next number > pivot
R: FInd the next number < pivot

42

36



Quick Sort (cont’d)

Algorithm Quicksort (X, n);
begin

Q_Sort(1, n)
end

procedure Q_Sort (Left, Right);
begin
if Left < Right then
Partition(X, Left, Right);
Q_Sort(Left, Middle - 1);
Q_Sort(Middle + 1, Right)
end

Time complexity: O(n2), but O(n log n) in average
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Quick Sort (cont’d)

Algorithm Partition (X, Left, Right);
begin
pivot ;= X[Left];
L := Left; R := Right;
while L < R do
while X[L| < pivotand L < Right do L ;=L + 1;
while X[R] > pivotand R = Leftdo R :=R - 1;
if L < R then swap(X[L], X[R]);
Middle = R;
swap(X[Left], X[Middle])
end
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Quick Sort (cont’d)

10 12 15 3 13 4 11 16 14

12 15 10 | 13 8 11 16 | 14

12 15 10 | 13 8 11 16 | 14

12 15 10 | 13 8 11 16 | 14

12 15 10 | 13 8 11 16 | 14

11 10 13 15 16 | 14

11 13 15 16 | 14

10 13 15 16 14

13 | 15 | 16 | 14

@3 15 | 16 | 14
3| 14 [(5) | 16

Figure 6.12 An example of quicksort. The first line is the initial input. A new pivot is
selected in each line. The pivots are circled. When a single number appears between
two pivots it is obviously in the right position.
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Source: [Manber 1989]



Average-Case Complexity of Quick Sort

When X]i] is selected (at random) as the pivot
Tn) = n—14+T@E—1)+T(n—1), where n > 2

he average running time will then be
Tn) = n—1+ %Z?:l(T(i —1)+T(n—1))
= n— 1+ 50,76 1)+ 52, T(n — i)
= n—1+2X070T() + X7, T())
= n—1+2%07T(i)
Solving this recurrence relation with full history, T(n) = O(n
log n)
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Heap Sort

+|Input: an array A[1..n]
-+ Heap sort:
+ Rearrange the array A[1..n] to form a heap
- Exchange A[1] with A[n]
-+ Rearrange the array A[1..n-1] to form a heap

-+ Exchange A[1] with A[n - 1]
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Heap Sort (cont’d)

begin

fori:=no

Algorithm Heapsort (X, n);

Build_Heap(X);

ownto 2 do

swap(X

end

1], X1i);

Rearrange_Heap(i - 1)

Time complexity: O(n log n)

Rearrange_Heap: basically the same procedure as
Remove_Max_from_Heap

The problem now is how to build a heap
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Building a Heap

Problem
Given an array A[1..n] of elements in an arbr

rary order,

rearrange the elements so that the array sat
property

isfies the heap

Two natural ways:
- Top down
+ bottom up
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Building a Heap (cont’d)

- Induction hypothesis (top down): The array A[1..i] is a
heap

Source: [Manber 1989]
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Building a Heap (cont’d)

- The number of comparisons in the worst case of the
insertion of Afi is Lloga(i+1) ]

he complexity of the top down approach:

> llogai] > 3 llogy ] > 5 Llog, 5| = Q(nlogn)

1=1 =5

Source: [Manber 1989 45



Building a Heap (cont’d)

Induction hypothesis (bottom up): All the trees
represented by the array Ali+1..n] satisfy the heap
condition

Al Ln/2] +1..n] are leaves, of which each is a heap

Source: [Manber 1989]
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Building a Heap (cont’d)

- The number of comparisons in the worst case of the insertion of Al
is 2 [ loga(n/i) |

- The complexity of the bottom up approach is at most twice the sum
of the heights of all nodes in the tree

- Let H(i) denote the sum of heights of all nodes in the complete binary
tree of height |

- Hi)=2H(i-1)+1, HO) =0
- We get H(i) = 21+ 1 - (i + 2) by solving the recurrence relation

- The complexity of the bottom up approach is O(n)
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Building a Heap (cont’d)

Why the bottom up approach is better?

Source: [Manber 1989]
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Building a Heap Bottom Up

(>
o))
e

s | 10 @6 |1af1s| 73] 40|21
s w6 |w|is|7]3 ]9 a|nlr]l
2 (6 [ 8 (10|13 |16 |1a|(5)| 7|39 |4 |||
s|1wo|B3|@]|w|s|7]3]9]4]n |
2 ()16 (D] 10|13 |12|(6)| s |73 ]|9]|a|n]|s]|1
|15 [@)| 1w |(@|1z|6]|s|7|3|@]4|n|s]|1

Figure 6.15 An example of building a heap bottom up. The numbers on top are the in-
dices. The circled numbers are those that have been exchanged on that step.
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Source: [Manber 1989] (6 and 2 in the first row should be swapped)



Building a Heap Bottom Up

(>
o))
e

| 5 10 @ 16 14 15 7 3 @ 4 11 12 I

10 13 16 14 15 7 3 9 R 11 12 1

[
=
x°©
oy

s|1wo|B3|@]|w|s|7]3]9]4]n |
2 @ 16 @ 100 | 13 | 12 @ s | 7| 3|9 a4 |11 8|1
(16) | 15 @ 13 (10 [(9)|12]6 |5 | 7|3 @4 |n|s |1

Figure 6.15 An example of building a heap bottom up. The numbers on top are the in-
dices. The circled numbers are those that have been exchanged on that step.
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Building a Heap Bottom Up
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Building a Heap Bottom Up

[

!6A815IO9I41573134II®I

2 | (15) | 16
® 5 ®

Figure 6.15 An example of building a heap bottom up. The numbers on top are the in-
dices. The circled numbers are those that have been exchanged on that step.

101312@573941181

|0@|26573@4||8|

> [ 6| 8|5 |10 @6 |1af1s| 73] 40|21
2 | 6 | 8 \le 3|6l 1af15s] 7|3 ]9 4] |2j
2 (6 [ 8 (10|13 |16 |1a|(5)| 7|39 |4 |||
2 | 6 510|130 |s | 7|39 a]|n |
(19)
14

Source: [Manber 1989] (6 and 2 in the first row should be swapped)
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Building a Heap Bottom Up
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Figure 6.15 An example of building a heap bottom up. The numbers on top are the in-
dices. The circled numbers are those that have been exchanged on that step.
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Building a Heap Bottom Up

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
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Figure 6.15 An example of building a heap bottom up. The numbers on top are the in-

dices. The circled numbers are those that have been exchanged on that step.

Source: [Manber 1989] (6 and 2 in the first row should be swapped)
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Building a Heap Bottom Up
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Figure 6.15 An example of building a heap bottom up. The numbers on top are the in-
dices. The circled numbers are those that have been exchanged on that step.
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A Lower Bound for Sorting

- A lower bound for a particular problem is a proof that no algorithm can solve
the problem better

- We typically define a computation model and consider only those algorithms
that fit in the model

- Decision trees model computations performed by comparison-based
algorithms

- A decision tree is a binary tree where

- each internal node is associated with a query whose outcome is one of
two possibilities, each associated with one of the emanating branches, and

-+ each leaf is associated with a possible output
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A Lower Bound for Sorting (cont’d)

Theorem
Every decision-tree algorithm for sorting has height (n log n)

Input for sorting: any sequence Xi, Xz, ..., Xn

Output for sorting: the sorted sequence, which is a permutation of
the input

A sorting algorithm has to accept all possible inputs, and thus may

output any permutation
The total number of permutations (represented by the leaves of the

decision tree) on n elements is n!
The complexity (the height of the decision tree) is thus:

logs (n!) = log,(vV2rn[2]"(1 + O(1/n))) = Q(n log n)
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A Lower Bound for Sorting (cont’d)

- This kind of a lower bound is called an information-
theoretic lower bound

- |t does not depend at all on the computation

- |t depends only on the amount of information contained
N the output

- Can we build a decision tree where each internal node has
three children?

. Yes, but the height will be logs n!, which is still 2(n log n)
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Order Statistics: Maximum and Minimum

Problem

Find the maximum and minimum elements in a given
sequence

The obvious solution requires (n - 1) + (N - 2) = 2n - 3 comparisons
between elements

Can we do better?

53



Order Statistics: Maximum and Minimum

Problem

Find the maximum and minimum elements in a given
seqguence

The obvious solution requires (n - 1) + (N - 2) = 2n - 3 comparisons
between elements

Can we do better?

Solve the problem for n using the solution of the problem for n - 2
elements
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Order Statistics: Maximum and Minimum

Problem

Find the maximum and minimum elements in a given
seqguence

The obvious solution requires (n - 1) + (N - 2) = 2n - 3 comparisons
between elements

Can we do better?

Solve the problem for n using the solution of the problem for n - 2
elements

Basecase:n=1andn=2
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Order Statistics: Maximum and Minimum

Problem

Find the maximum and minimum elements in a given
seqguence

The obvious solution requires (n - 1) + (N - 2) = 2n - 3 comparisons
between elements

Can we do better?

Solve the problem for n using the solution of the problem for n - 2
elements

Basecase:n=1andn=2
Inductive step: Xn-1, Xn, MAXn-2, and MINn-2
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Order Statistics: Maximum and Minimum

Problem

Find the maximum and minimum elements in a given
seqguence

The obvious solution requires (n - 1) + (N - 2) = 2n - 3 comparisons
between elements

Can we do better?

Solve the problem for n using the solution of the problem for n - 2
elements

Basecase:n=1andn=2
Inductive step: Xn-1, Xn, MAXn-2, and MINn-2

Approximately 3n/2 comparisons

53



Order Statistic: Kth-Smallest Element

Problem

Given a sequence S = X1, X2, ..., Xn Of elements, and an integer
k such that 1 < k < n, find the kth-smallest element in S

Approach 1: Find the minimum element k times

Approach 2: Sort the sequence

Approach 3: Recall the pivot in quick sort
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Order Statistic: Kth-Smallest Element (cont’d)

Algorithm Selection (X, n, k);
begin
if (K < 1) or (k > n) then print “error”
else S := Select(1, n, k)
end Complexity: O(n) in average

procedure Select (Left, Right, k);
begin
if Left = Right then Select ;= Left
else
Partition(X, Left, Right);
Let Middle be the output of Partition;
If Middle - Left + 1 = k then Select(Left, Middle, k)
else Select(Middle + 1, Right, k - (Middle - Left + 1))
end
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Finding a Majority

Problem
Given a seqguence of numbers, find the majority in the
seguence or determine that none exists

A number Is a majority in a sequence of n numbers If it occurs more
than n/2 times in the sequence

Approach 1: Sort and count

Approach 2: Use the median-finding algorithm

Approach 3: Recall the algorithm for finding a celebrity

56



Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?

[ala]b]d]o]b]a]alb]a]a]al
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?

lalb]d]o]ola]alola]a]a]

B
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?

[bld]b]o]alalb]alalal

[a]a]
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?

[d]b]b]alalb]alalal
[afa]b]
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?

[d]b]b]alalb]alalal
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?

[o[o]afalbfafa]a]
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If xi = X;, what can we conclude?

[o[o]afalbfafa]a]
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?

[a]a]o]a]a]a]
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?

[a]olafa]a]
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Finding a Majority (cont’d)
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Finding a Majority (cont’d)
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If xi = X;, what can we conclude?
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If xi = X;, what can we conclude?
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?

Is the remaining element always the majority”?
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Finding a Majority (cont’d)

If xi # X;, what can we conclude?

If xi = X;, what can we conclude?

Is the remaining element always the majority”?

[ofclofcfofcb]c]a]
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Finding a Majority (cont’d)

Algorithm Majority (X, n);
begin
C:=X[A]; M:=1;
fori.=2tondo
if M =0 then C :=X[i|; M :=1
else if C = X[i| then M :=M + 1

else M =M - 1;
if M =0 then Majority := -1
else
Count := 0;

fori.=1tondo

if Count > n/2 then Majority := C
else Majority := -1
end

if X[i] = C then Count := Count + 1;
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