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INntroduction

 The purpose of algorithm analysis is to predict the behavior (running time,
space requirement, etc.) of an algorithm without implementing it on a specific
computer

- As the exact behavior of an algorithm is hard to predict, the analysis is usually
an approximation:

- Relative to the input size (usually denoted by n): input possibilities too
enormous to elaborate

- Asymptotic: should care more about larger inputs

- Worst-Case: easier to do, often representative

- Such an approximation is usually good enough for comparing different
algorithms for the same problem



Complexity

- Theoretically, “complexity of an algorithm” is a more precise
term for "approximate behavior of an algorithm”

- Two most important measures of complexity:

- Time Complexity: an upper bound on the number of steps
that the algorithm performs

- Space Complexity: an upper bound on the amount of
temporary storage required for running the algorithm
(excluding the input, the output, and the program itself)

- We will focus on time complexity



Comparing Running Time

- How do we compare the following running times"?

1. 100n

2.2n2 + 50

3. 100Nn18



Comparing Running Time

- How do we compare the following running times"?
n=1

1. 100n 100

2.2n2 + 50 52

3. 100Nn18 100



Comparing Running Time

- How do we compare the following running times"?

1. 100N 100 200

2.2n2 + 50 52 53

3. 100Nn18 100 343



Comparing Running Time

- How do we compare the following running times"?

n=1 n=2 n=100

1. 100N 100 200 10,000

2.2n2 + 50 52 53 20,060

3. 100Nn18 100 343 398,107



Comparing Running Time

- How do we compare the following running times"?

n=1 n=2 n=100 n=320,000,000

1. 100N 100 200 10,000 32,000,000,000

2.2n2 + 50 52 58 20,050 204,800,000,000,000,050

3. 100Nn18 100 348 398,107 203,830,871,323,390,784



Comparing Running Time (cont’d)

- We will study an approach (the O notation) that allows us
to ignore constant factors and concentrate on the
behavior as n goes to infinity

- For most algorithms, the constants in the expressions of
their running times tend to be small

1. 100n = N
2.2N2 +50 = n?

3. 100n1.8 = Nn1.8



The O Notation

- A function g(n) is O(f(n)) for another function f(n) if there

exist constants ¢ and N such that, for alln = N, g(n) <
cf(n)

- The O notation allows us to ignore constants
conveniently

- The function g(n) may be substantially less than cf(n); the
O notation bounds it only from above



The O Notation (cont’d)

- A function g(n) is O(f(n)) for another function f(n) if there
exist constants ¢ and N such that, for alln = N, g(n) <
cf(n)

5n2 + 15 = O(n?)
(foralln=7?,5n2 + 15 < 7n?)

5n2 + 15 = O(nd)

(N + 1)2 =n2 + O(n)
T(n) = 3n2 + O(N)




The O Notation (cont’d)



The O Notation (cont’d)



The O Notation (cont’d)



The O Notation (cont’d)




The O Notation (cont’d)

The equality Is one-way
You may write
5n2 + 15 = O(n?)
as
5n2 + 15 < O(n?)
or
5n2 + 15 € O(n?)




The O Notation (cont’d)

- No need to specify the base of a logarithm
+ logzn =logion/logio2 = (1/10g102) logion
-+ For example, we can just write O(log n)

- O(1) denotes a constant



Properties of O

- We can add and multiply with O

- However, we cannot subtract or divide with O

Theorem (3.2)
If f(n) = O(s(n)) and g(n) = O(r(n)), then
- f(n) + g(n) = O(s(n) + r(n)), and

- 1(n) - g(n) = O(s(n) - r(n))
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Properties of O

- We can add and multiply with O

- However, we cannot subtract or divide with O

Theorem (3.2)
If f(n) = O(s(n)) and g(n) = O(r(n)), then
- f(n) + g(n) = O(s(n) + r(n)), and

- 1(n) - g(n) = O(s(n) - r(n))

2N =0(n),n=0(n),and 2n-n=n = O(n - n)
N2 =0(n2), n =0(N2),and n2/n=n=0O(N2/ N2
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Polynomial vs. Exponential

- A function f(n) is monotonically growing if n1 = n2 implies that
f(n1) = f(n2)

- An exponential function grows at least as fast as a polynomial
function does

Theorem (3.1)
For all constants ¢ > 0 and a > 1, and for all monotonically
growing functions f(n), (f(n))c = O(afm)

C

Take n as f(n), n®=0(a")
Take log, n as f(n), (log, n)¢ = O(a'°%™) = O(n)
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Speed of Growth

log n n nlogn
0 1 0
1 2 2
2 4 8
3 8 24
4 16 64
5 32 160

n2

16

64

256

1,024

64

512

4,096

16

256

65,536

32,768 4,294,967,296

Source: [E. Horowitz et al. 1998]
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Speed of Growth (cont’d)

10000000000

100000000

1000000

10000

100

O logn O n

nlogn O nf"2 O nA3 O 2/n
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Speed of Growth (cont’d)

time1

time>

times times

running times 1000 steps/sec 2000 steps/sec 4000 steps/sec 8000 steps/sec

logz n
n

nlogz n

0.010

1

10

32

1000
1000000
1039

0.005
0.5

5

16

500
500000
1039

0.003 0.001
0.25 0.125
2.5 1.25

8 4

250 125
250000 125000
1038 1038

Running times (int seconds) under different assumptions (n = 1000)

Source: [Manber 1989]
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O, 0, (), and ©

_et T(n) be the number of steps required to solve a given
oroblem for input size n

- We say that T(n) = (n)) or the problem has a lower
) |

Ql(e
bound of CQ)(g(n)) if there exist constants ¢ and N such
that, for alln = N, T(n) = cg(n)

- |f a certain function f(n) satisfies both f(n) = O(g(n)) and f(n)
= ()(9(n)), then we say that f(n) = ©(g(n))

5n2 + 15 = O(n?)
bn2 + 15 = ()(n?)7
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O, o, (2, and O (cont’d)

- We say that f(n) = o(g(n)) if lim % =0

n— oo g

- Equivalently, f(n) = o(g(n)) if for every positive constant c,
there exists a constant N such that for all n = N, [f(n)| <

cg(n)

2N = o(n?)
1/n=o0(1)

16



Polynomial vs. Exponential (cont’d)

-+ An exponential function grows faster than a polynomial
function does

For a

Theorem (3.3)

constants ¢ > 0 and a > 1, and for all monotonically

growi

ng functions f(n), (f(n))c = o(af)

Take n as f(n), n® = o(a™)
Take log, n as f(n), (log, n)¢ = o(a'°8™) = o(n)
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Complexity Analysis

// Sort the given run of array A[] using array B[] as a source.

// 1Begin is inclusive; iEnd is exclusive (A[IlEnd] is not in the set).
TopDownSplitMerge(B][], iBegin, iEnd, A[])

{

if (End - iBegin < 2) // 1f run size ==
return; // consider it sorted

// split the run longer than 1 item into halves

IMiddle = (IEnd + iBegin) / 2; // IMiddle = mid point

// recursively sort both runs from array A[] into B]
TopDownSplitMerge(A, iBegin, iMiddle, B); // sort the left run
TopDownSplitMerge(A, iMiddle, IEnd, B); // sort the right run
// merge the resulting runs from array B[] into A[]
TopDownMerge(B, iBegin, iMiddle, iIEnd, A);

}

Source: https://en.wikipedia.org/wiki/Merge sort
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https://en.wikipedia.org/wiki/Merge_sort

Complexity Analysis

// Sort the given run of array A[] using array B[] as a source.

// 1Begin is inclusive; iEnd is exclusive (A[IlEnd] is not in the set).
TopDownSplitMerge(B][], iBegin, iEnd, A[])

{

if (iIFNd - iIBeain < 2) // if riin size ==

What is the worst-case complexity”?

TopDownSplitMerge(A, iBegin, iMiddle, B); // sort the left run
TopDownSplitMerge(A, iMiddle, IEnd, B); // sort the right run
// merge the resulting runs from array BJ[] into A]]
TopDownMerge(B, iBegin, iMiddle, iIEnd, A);

}

Source: https://en.wikipedia.org/wiki/Merge sort
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https://en.wikipedia.org/wiki/Merge_sort

Sums

- Technigues for summing expressions are essential for

complexity analysis

-+ For example, given that we know

Sg(n)221:n

and

n

Si(n)=>» i=1+2

1=1

3

we want to compute the sum

52(71)Zzi2=12+22+32+-~+n2

1=1

19



Sums (cont’d)

From

we have

(+1)3=i+32+3i+1,

(i+1)3-i=32+3i + 1

23-13=3x12+3 x 1+ 1
383-22=83x224+3x2+1
43 -3 =3x32+3x3+]

N+1)8-N=3xnN2+3xn+1

20



Sums (cont’d)

23-13=3x12+3x1+"
33-22=23x22+3x2+1

43-33=383x32+3x3+"

N+ 1)p8-N=3xnN2+3xn+1

21



Su
m
S (cont’d)

So(N)

12
02
32

n2

_I_
+3><1+
3><2+d

_|_
3% 3+

_|_
3xnNn+
1

21



Sums (cont’d)

+ 3 X

21



Sums (cont’d)

+ 3 X

=

21



Sums (cont’d)

+ 3 X

=

21



Sums (cont’d)

+ 3 X

=

21



Sums (cont’d)

+ 3 X

=

21



Sums (cont’d)

+ 3 X

=

21



Sums (cont’d)

H

+ 3 X

‘ »

(N) + 3 x S1(N) + So(N)
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Sums (cont’d)

12+ 3 x

2&1;:?” 1
x\&szasz-sz *
43-\3=3x32--3x3 *
AN

(N+1)3-R3 =3 x|N2|+ 3 x

N+ 1)3-1=38xSo(n) + 3 x S1(n) + So(n)

H

‘ »

So(n) = (N + 1)3-1 - 354(n) - So(n)) / 3
=nn+1)2n+1)/6
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Sums (cont’d)

13 + 22 4+ - +N138 + nd + (n+1)3
O+1)2 + (1+1)° + (2+1)3 + - + (N-1+1)3 + (N+1)3

- So(n) can be derived by shifting and canceling terms of

two sums
- This generalizes to Sk(n), for k > 2
- Similar shifting and canceling techniques apply to other

KiInds of sums.

Exercise: compute the sumFN)=1+2+4 + --- + 2n
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Recurrence Relations

- A recurrence relation is a way to define a function by an expression involving

the same function

- The Fibonacci numbers, for example, can be defined as follows:

F(nN)=Fn-2)+Fn-1)
- We need k - 2 steps to compute F(k)
- [t is more convenient to have an explicit (or closed-form) expression

- To obtain the explicit expression is called solving the recurrence relation

23



Guessing and Proving an Upper Bound

Recurrence relation: { (N Is a power of 2)

T(2n) < 2T(N) + 2n - 1
Guess: T(n) = O(n)

Proof:

Base case: 1(2) <2

nductive step: T(2n) < 2T(n) + 2n - 1
<20(Mn)+2n-1
= O(n)

24



Guessing and Proving an Upper Bound

T(2) = 1

(N Is a power of 2)
T(2n) < 2T(N) + 2n - 1

Recurrence relation: {

Guess: T(n) = O(n)

Proof:
Base case: 1(2) <2

24



Guessing and Proving an Upper Bound

T(2) = 1

(N Is a power of 2)
T(2n) < 2T(N) + 2n - 1

Recurrence relation: {

Guess: T(n) = O(n)

Proof:
Base case: 1(2) <2

Actually T(n) is not O

AN

n)

24



Guessing and Proving an Upper Bound (cont’d)

Recurrence relation: { (N Is a power of 2)

T(2n) < 2T(N) + 2n - 1
Guess: T(n) = O(n?)

Proof (by showing T(n) < n2):

Base case: [(2) < 22

nductive step: T(2n) < 2T(n) + 2n - 1
<2n2+2n-1
< (2n)2
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Guessing and Proving an Upper Bound (cont’d)

Recurrence relation: { (N Is a power of 2)

T(2n) < 2T(N) + 2n - 1
Guess: T(n) = O(n?)

Proof (by showing T(n) < n2):

Base case: [(2) < 22

nductive step: T(2n) < 2T(n) + 2n - 1
<2n2+2n-1
< (2n)2

Can we try a number between n and n2?

25



Guessing and Proving an Upper Bound (cont’d)

Recurrence relation: { (N Is a power of 2)

T(2n) < 2T(N) + 2n - 1

Guess: T(n) = O(n log n)

Proof (by showing T(n) < n log n):

Base case: 1(2) <2 log 2

nductive step: T(2n) < 2T(n) + 2n - 1
<2(nlogn)+2n-1
=2nlogn+2nlog?2 -1

< 2n (log n + log 2)
= 2nlog 2n

26



Solving the Fibonacci Relation

- We will study two techniques for solving the Fibonacci
relation

+  One uses the characteristic equation
- The other uses generating functions

- These techniques may be generalized to handle
recurrence relations of the following form for a constant k

F(nN)=b1FN-=1) + b2 FNn - 2) + .- + bk F(n = k)

27



Using the Characteristic Equation

- F(n) nearly doubles every time and should be an exponential
function

- Try F(n) = a" where a is a (positive) constant
- What is a?

. By F(n) = F(n-1) + F(n-2), we have an = an-1 + an-2

hus, a2 =a + 1

- The two solutionsareai =(1 +45)/2andax=(1-5)/2

28



Using the Characteristic Equation (cont’d)

Now a1" and a»>" solves the recurrence relation

- Any linear combination of ai" and a2" solves the
recurrence relation

- So the general solution is c1(a1)" + co(ag)
- What are the value of ¢1 and c»?

- The values of ¢c1 and c2 need to satisfy the base cases
F(1) and F(2)

29



Using the Characteristic Equation (cont’d)

- F(1) = c1(a1)! + colag)! = 1
- F(2) = c1(a1)? + co(ag)? =

- By solving the above two equations, we have c1 =1/ /5
andco=-1/.5

- Therefore the Fibonacci relation IS

F(n) = %(1 +2\/5)” \}5(1 _2\/5

)Tl
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Using Generating Functions

-+ Generating functions provide a systematic, effective means for
representing and manipulating infinite sequences (of numlbers)

- We use them here to derive a closed-form representation of the
Fibonacci numbers

Below are two basic generating functions:

gen. func. pOWer series generated sequence

1/(1-2 1+z+Z22+ - +204 - 1,1,1,...,1, ...

c/(1-az C + caz + ca2z2 + --- + canzn + .- c, ca, ca2, ..., can, ...

31



Using Generating Functions (cont’d)

- LetG(z2) =0+ F1z + Foz2 + Fgz3+ -+ + Fnzn + -+ (3
generating function for the Fibonacci numbers; F(n) is
written as Fn here)

G(z) = F1z + Foz2 + F3z8 + -+ + Fnz0 4 Fryqzn+! + -
7G(2) = F122 + Foz8 + Faz4 + -+ + Fnznt! + Fpp1zn*2 + -+
72Gi(z) = F1z3 + Foz4 + F3z25 + - + Fnzn+2 + Fppqzn+3 + -

32



Using Generating Functions (cont’d)

- LetG(z2) =0+ F1z + Foz2 + Fgz3+ -+ + Fnzn + -+ (3
generating function for the Fibonacci numbers; F(n) is
written as Fn here)

G(z) = F1iz  Foz2|+ Fsz® + -+ + Fnz0 4 Fryqzn! + -
zG(z) =|F1z2[+ F2z8 + F3z4 + - + Fpzn*1 + Fppqz0t2 4 -

72Gi(z) = F1z3 + Foz4 + F3z25 + - + Fnzn+2 + Fppqzn+3 + -

32



Using Generating Functions (cont’d)

- LetG(z2) =0+ F1z + Foz2 + Fgz3+ -+ + Fnzn + -+ (3
generating function for the Fibonacci numbers; F(n) is
written as Fn here)

G(2) = F1z + Foz2 { F3z8| + -+ + Fnz0 + Fppiz+! + -+
7G(2) = F1z2 HFoz8[+ Faz4 + -+ + Fnznt! + Fpp1zn*2 + -+
zG(2) =| F1Z8[+ Foz? + Faz5 + -+ + Fnz™2 + Friaz8 + -

32



Using Generating Functions (cont’d)

- LetG(z2) =0+ F1z + Foz2 + Fgz3+ -+ + Fnzn + -+ (3
generating function for the Fibonacci numbers; F(n) is
written as Fn here)

G(z) = F1z + Foz2 + F3z8 + -+ + Fnz0 4 Fryqzn+! + -
7G(2) = F122 + Foz8 + Faz4 + -+ + Fnznt! + Fpp1zn*2 + -+
72Gi(z) = F1z3 + Foz4 + F3z25 + - + Fnzn+2 + Fppqzn+3 + -

(1-z2-7229G(z) =z =(1)
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Using Generating Functions (cont’d)

- LetG(z2) =0+ F1z + Foz2 + Fgz3+ -+ + Fnzn + -+ (3
generating function for the Fibonacci numbers; F(n) is
written as Fn here)

G(z) = F1z + Foz2 + F3z8 + -+ + Fnz0 4 Fryqzn+! + -

7G(2) = F122 + Foz8 + Faz4 + -+ + Fnznt! + Fpp1zn*2 + -+
72G(z) = F1Z8 + Foz4 + F3z° + -+ + Fnz"*2 + Fppqzn+3 + .-

(1-z2-22) G(z) =z

G(Z) — 1_ZZ_22 (_ ( 1++5 )
_ ko,

o 1+v5 _ 1—5
1— 1— 5




Using Generating Functions (cont’d)

G(z) =0 + Fz + Foz2+ F3z3 4 -+ + Fnz" + -+

gen. func. power series

c/(1-az C + caz + ca2z2+ --- + canzn + - c, ca, ca?, ..., can, ...

Therefore, F,, = %(”ﬁ)” 1 (1_\/5)n
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Divide and Conquer Relations

The running time T(n) of a divide-and-conquer algorithm
satisfies

T(n)=aT(n/b)+ cnk

where
- aIs the number of subproblems,
- n/b is the size of each subproblem, and

-+ cnkis the time spent on dividing the problem and combining the
solutions

34



Divide and Conquer Relations (cont’d)

T(n)=aTl(n/b)+ cnk
Assume, for simplicity, n = b™ (such that n / b is an integer)
T'(n)

aT (%) + en®
o(aT () +e(})") +
a(a (CLT( 5) +c(gx)") +e(3)F) +en’

= afa(--- (aT(5w) + c(gm=r)") + ) +c(3)") + en”
Assume T(1) =

|
*
2
3
+
*
2
R
>
x>
+
*
-
?
=
>
-+
+
S
R
x>

T(n)

|
8 O
s 7]
ik
||3®
S 3
N\ |
Q[T
\'fq
~ X



Divide and Conquer Relations (cont’d)

T(n) =ca™ Z(—)Z

, a
1=0
Case 1: a > bk

The factor of the geometric series is less than 1, so the series
converges to a constant even if m goes to infinity

herefore, T(n) = O(@m)
Since n =bm m =logp n

T(n) = O(a™) = O(a'%") = O(n'%*)



Divide and Conquer Relations (cont’d)

Case 2: a = bk

The tfactor of the geometric series Is 1

Therefore, T(n) = O(@m™m)

Notice that a = bk implies that logp a = k and m = O(log n)

T(n) = O(n"logn)
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Divide and Conquer

Relations (cont’d)

T(n)=ca™ Z(

Case 3: a < bk

1=0

a

Y

The factor of the geometric series Is greater than 1

Denote bk /a by F

Ll

T —
(n) = ca 77

38



Divide and Conquer Relations (cont’d)

If a,, = ca,,_1, where ¢ # 1 is a constant, then

1
a1+a2+a3+---+an:alcc_1

Denote bk /a by F

T(n)=ca™ FT;:_I L O(a™F™) = O((b")™) = O(n")

38



Divide and Conquer

Relations (cont’d)

T(n)=ca™ Z(

Case 3: a < bk

1=0

a

Y

The factor of the geometric series Is greater than 1

Denote bk /a by F

Ll

T —
(n) = ca 77

38



Divide and Conquer Relations (cont’d)

Theorem (3.4)
The solution of the recurrence relation T(n) = aT(n/b) + cnk,

where a and b are integer constants,a>1,b =2, and c
and k are positive constants, is

O(n'ogs @) if g > bF
T(n) =< O(n®logn) ifa= 10"
O(n*) if a < b”

Due 1o its generality and usefulness, the theorem has
conventionally been referred to as “the master theorem”
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Recurrence Relations with Full History

- A full-history recurrence relation is one that depends
on all the previous values of the function, not just on a
few of them

- Examples:

n—1
T(n)=c+ Z T'(7) where c is a constant and T'(1) is given
i=1

40



Recurrence

Relations with Full History (cont’d)

n)=c+ Z T'(7) where c is a constant and T'(1) is given

T(n)—Tn-—1)

+ZT +ZT T(n—1)

Hence, T(n) = 2T(n - 1) (which holds only for n = 3)

S0, we get

c+T(1)
OT(n —1) ifn>3

Finally, T(n+ 1) = (c + T(1))2n-1, forn = 2

41



Recurrence Relations with Full History (cont’d)

T(n) =n—1+ %iT(i) (for n > 2),T(1) = 0

nT'(n)
(n+1)T(n+1)

n(n—1)4+23 77 T(:)
(n+ Dn 4230 T(3)

(n+1)T(n+1) —nT(n) (m+1)n—nn-—1)+2T(n)

2n + 2T (n)
which implies
n + 2 2n
T 1) = T |
(nt+1)=_———TMn)+ ——

42



Recurrence Relations with Full History (cont’d)

T(n):n—l—l—%iT(i)(

for n > 2),T(1) =0

T(n)

Further simplification: T'(n +1) < 1T(n) + 2
T
2+ 24 52+ 2= (24 3T(2) )
(14 2L 2L ony il sl (o
2(n 4+ 1) (o7 + = + 27 A ~+§)
242(n+1)(2 + 5+ +1)

VAN VANRE VAN VAN

||
S
S
3
09
=

QO i~
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Recurrence Relations with Full History (cont’d)

T(n) :n—1+%n§_::r(i) (for n > 2),T(1) = 0

n -+ 2

Further simplification: T'(n +1) < T(n)+ 2

T

H(n)=1+ 3+ %+ ---+ = is the Harmonic series.
H(n)=Inn+~+0(%)

< 242(n+1)(E+ L+ +1)
= O(nlogn)
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Useful Facts - Arithmetic Series

n(n+ 1)

l1+24+3+---+n= ;

n(a,+a
ar+ag+az+-+a, =" 5 )
if a,, = a,,—1 + ¢, where c is a constant

44



Useful Facts - Geometric Series

14+24+44...49m =9ontl 1

-1
a1+a2+a3+---+@n:alcc_1

it a,, = ca,_1, where ¢ # 1 is a constant

Zaizlal if0<c<1

— C
1=1
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Useful Facts - Sum of Squares & Harmonic Series

Sum of Squares

mn

Ziz : n(n + 1)6(2n + 1)

1=1

Harmonic Series:

H, Zk 1k 1nn+7+0( )

where v = 0.577.. is Fuler’s constant
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Useful Facts - Basic Rules Involving Logarithms

_ 1
10gb a — log, b

_ logy x
log, * = og, a
blogb T —

bloga r xloga b



Useful Facts - Sum of Logarithms & Stirling’s
Approximation

Sum of logarithms:

S logyi] = (n+1)[logyn| —2les2nl+1 49
= O(nlogn)

Stirling’s approximation:

ot =vamn (1) (14 0(2)

e n
which implies logz(n!) = O(n log n)
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Useful Facts - Bounding a Summation by an
Integra

- |If f(x) is @ monotonically increasing continuous function,

then
r=n-+1

)SVIOE IRIET

=1



Jseful Facts -
ntegra
- [ff(x) Is

then ]T:)

Bounding a Summation by an

1ction,

,/ 7

RN
N

x 49



—Xercise

- What'’s the time complexity of the following program?

for (inti=0,i<n, i++) {

constant time operations
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—Xercise

- What'’s the time complexity of the following program?

for (inti=0,i<n, i++) {
for (intj=0,j<n, j+4) {

constant time operations
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—Xercise

- What'’s the time complexity of the following program?

for(inti=n,1>0,1=1/2) {
for(intj=1,]<n;|=]++) {

constant time operations
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Complexity Analysis (cont’d)

// Sort the given run of array A[] using array B[] as a source.

// 1Begin is inclusive; iEnd is exclusive (A[IlEnd] is not in the set).
TopDownSplitMerge(B][], iBegin, iEnd, A[])

{

if (End - iBegin < 2) // 1f run size ==
return; // consider it sorted

// split the run longer than 1 item into halves

IMiddle = (IEnd + iBegin) / 2; // IMiddle = mid point

// recursively sort both runs from array A[] into B]
TopDownSplitMerge(A, iBegin, iMiddle, B); // sort the left run
TopDownSplitMerge(A, iMiddle, IEnd, B); // sort the right run
// merge the resulting runs from array B[] into A[]
TopDownMerge(B, iBegin, iMiddle, iIEnd, A);
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Complexity Analysis (cont’d)

- Let T(n) denote the running time of TopDownSplitMerge for a
list of n objects

-+ Then T(n) must satisfy the recurrence relation T(n) = 2T(n/2) + N
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Complexity Analysis (cont’d)

- Let T(n) denote the running time of TopDownSplitMerge for a
list of n objects

- Then T(n) must satisfy the recurrence relation T(n) = 2T(N/2) + n

Theorem (3.4)

The solution of the recurrence relation
() = al(n/b) + cnk, where a and b
are integer constants,a>1, b = 2,
and ¢ and k are positive constants, Is

{ O(n' @) if g > b*

T(n) =< O(nFlogn) ifa=>b"

O(n*) if a < bF




Complexity Analysis (cont’d)

- Let T(n) denote the running time of TopDownSplitMerge for a

list of n objects

- Then T(n) must satisfy the recurrence relation

T(n) =2T(n/2) + n

Theorem (3.4)

The solution of the recurrence relation
T(n) = al(n/b) + cnk,|where a and b
are integer constants,a>1, b = 2,
and ¢ and k are positive constants, Is

{ O(n' @) if g > b*

T(n) =< O(nFlogn) ifa=>b"

O(n*) if a < bF
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Complexity Analysis (cont’d)

- Let T(n) denote the running time of TopDownSplitMerge for a

list of n objects

- Then T(n) must satisfy the recurrence relation| T(n) = 2T(N/2) + n

Theorem (3.4)

The solution of the recurrence relation
T(n) = al(n/b) + cnk,|where a and b
are integer constants,a>1, b = 2,
and ¢ and k are positive constants, Is

{ O(n' @) if g > b*

T(n) =< O(nFlogn) ifa=>b"

O(n*) if a < bF

a=2,b=2,c=1,k=1
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Complexity Analysis (cont’d)

- Let T(n) denote the running time of TopDownSplitMerge for a

list of n objects

- Then T(n) must satisfy the recurrence relation| T(n) = 2T(N/2) + n

Theorem (3.4)

The solution of the recurrence relation
T(n) = al(n/b) + cnk,|where a and b
are integer constants,a>1, b = 2,
and ¢ and k are positive constants, Is

{ O(n' @) if g > b*

T(n) =< O(nFlogn) ifa=>b"

O(n*) if a < bF

a=2,b=2,c=1,k=1
a = pk

54



Complexity Analysis (cont’d)

- Let T(n) denote the running time of TopDownSplitMerge for a

list of n objects

- Then T(n) must satisfy the recurrence relation| T(n) = 2T(N/2) + n

Theorem (3.4)

The solution of the recurrence relation
T(n) = al(n/b) + cnk,|where a and b
are integer constants,a>1, b = 2,
and ¢ and k are positive constants, Is

{ O(n' @) if g > b*

T(n) =< O(nFlogn) ifa=>b"

O(n*) if a < bF

a=2,b=2,c=1, k=1
a = pbk
Therefore, T(n) = O(n log n)
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